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The group factor for the higher representations of the SU(4) gauge group is investigated. For the
zero N-ality representations, the minimum values of the real part of the group factor which appear
at large distances, are located at the points where 50% of the maximum vortex flux is in the Wilson
loop. This amount is equal to 60% for the representations which belong to N-ality=1 class except
the fundamental representation. The value of the real part of the group factor at the minimum
points is equal to the value of center of the group factor at intermediate distances. The appearance
of these points is due to the difference between the asymptotic and intermediate string tensions.
The group factor passes the phase factor to create the larger intermediate string tension than the
asymptotic one.
PACS numbers: 11.15.Ha, 12.38.Aw, 12.38.Lg, 12.39.Pn
I. INTRODUCTION
Today everyone knows that Quantum Chromodynam-
ics (QCD) is a promising theory of strong interactions.
In the low energy regime of this theory, there are still
open unsolved questions like quark confinement, which
has been a challenging problem over thirty years. A lot of
phenomenological models have been introduced to deter-
mine the behavior of QCD in this regime. In these mod-
els, it is believed that the QCD vacuum is responsible for
confinement. Among wide variety of phenomenological
models, center vortex theory based on magnetic degrees
of freedom gives an acceptable explanation of quark con-
finement [1]. Numerical lattice calculations show the ev-
idence for the existence of the topological objects called
center vortices in the vacuum [2]. Center vortices are
quantized magnetic flux tubes (or surfaces) which are
closed according to the Bianchi identity [3]. They are
created by a singular gauge transformation and have fi-
nite energy per unit length (or surface).
Based on the center vortex theory, the area law fall-off
for the Wilson loop which leads to quark confinement is
due to the quantum fluctuations of the vortices interact-
ing with the Wilson loop. This interaction affects the
Wilson loop in the representation r by an element of the
SU(N) gauge group center:
Wr(C) −→ zkrWr(C), (1)
where kr is the N-ality of the representation r. On the
other hand, one might say that when the vortex does not
link with the Wilson loop, the loop remains unaffected.
Although the confinement at large distances is pro-
duced by these types of vortices, they cannot give the
linear potential at intermediate distance. To get the
intermediate potentials, Faber et al. generalized this
model to thick center vortex model to eliminate this
defect [4]. One might claim that the thick center vortex
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model explains the following features of confinement
very well:
1. The coulombic potential at short distances that has
been proved in two different methods: Deldar et
al. showed by increasing the role of vortex fluxes
piercing Wilson loops with contributions close to
the trivial center element and by fluctuating the
vortex core size, the coulombic potential is pro-
duced [5]. In a different work, the fluctuation of
non-quantized, closed magnetic flux lines has been
considered by Faber et al. to calculate the short
range potential [6].
2. Casimir Scaling of string tensions extended from
the onset of confinement to the onset of screening
which has been proved precisely by lattice calcula-
tions [7, 8]. This theory claims that string tensions
are roughly proportional to the eigenvalues of the
quadratic Casimir operators. The results obtained
from the thick center vortex model show that the
string tension of different representations is quali-
tatively in agreement with Casimir scaling [4, 5, 9–
13], even for exceptional G(2) gauge group [14].
3. N-ality dependence of asymptotic string tensions
at large distances which frames that the asymp-
totic string tension of each representation is the
same as that of the lowest dimensional representa-
tion with the same N-ality. Calculations in thick
center vortex model confirm this feature of confine-
ment [4, 5, 9–13].
When the vortex is thickened, the vortex core may
overlap the perimeter of the Wilson loop and a part of
the vortex flux enters the loop. Therefore, the role of
the center element is replaced by the group factor which
interpolates between a center element -when the vortex
core is completely inside the Wilson loop- and 1 -when
the Wilson loop and the vortex do not interact. There-
fore, studying the behavior of the group factor at different
2quark separation distances will give useful information
about the potential between quark and anti-quark.
In the next section, the thick center vortex model is
studied and it is explained how the group factor appears
in the model. Moreover, the maximum flux of the SU(4)
vortices is calculated and it is discussed which of the Car-
tan generators should be used in the calculation. The be-
havior of the group factor at different quark separation
is discussed in section three and the results are given in
section four.
II. THE GROUP FACTOR IN THE THICK
CENTER VORTEX MODEL
In the original vortex model, center elements of the
gauge group are responsible for confinement. For thin
vortices two scenarios may occur:
1) Vortices and the Wilson loop do not link and therefore
the Wilson loop is unaffected:
W (C) = Tr
[
U...U
] −→ Tr[U...I...U]. (2)
2) Vortices may pierce the minimal area of the Wilson
loop. The effect of this interaction is inserting a center
element z between link operators:
W (C) = Tr
[
U...U
] −→ Tr[U...z...U]. (3)
Therefore, if f is the probability of piercing a plaquete
by the z vortex of the SU(2) gauge group, the Wilson
loop might be written as:
< W (C) >=
∏
x∈A
[(1 − f) + f(−I)] < W0(C) >
= exp
[− σ(C)A] < W0(C) >, (4)
where < W0(C) > is the Wilson loop expectation value
when no vortices pierce the minimal area of the loop and
the string tension is
σ = − ln(1− 2f). (5)
Then the thin vortices give the correct N-ality depen-
dence of the potentials at large distances while the inter-
mediate linear potential is lost. Thus, to get the interme-
diate potentials, the vortices are thickened. Thickening
the vortices leads to a new scenario. The vortex may
overlap the perimeter of the Wilson loop and one has to
consider a distribution for the flux carried by the vortex.
In this case, a part of the vortex flux might enter the Wil-
son loop and the center element is replaced by a group
element G which is a unitary matrix called the SU(N)
group factor. This factor parametrizes the influence of
the vortex on the Wilson loop:
W (C) = Tr
[
UU...U
] −→ Tr[UU...G...U], (6)
where
G(x, S) = S exp
[
i~αnc .
~H
]
S†, (7)
where theHi’s,
{
i = 1, ..., N−1} are the generators span-
ning the Cartan sub-algebra and S is an SU(N) group
element in representation r. α
(n)
c represents the flux dis-
tribution of the zn vortex. In general, in an SU(N) gauge
group, there areN−1 types of center vortices correspond-
ing to the number of the center elements of the gauge
group.
Based on the assumptions of the model, the random
group orientations associated with Si are considered un-
correlated. Therefore, one has to average G over all ori-
entations in the group manifold:
G¯(~α) ≡ Gr
[
~α(n)
]
I =
∫
dSS exp
[
i~α. ~H
]
S†
=
1
dr
Tr exp
[
i~α(n). ~H
]
, (8)
where dr is the dimension of representation r. Therefore,
the potential energy between static sources induced by
the vortices is
V (R) = −
∑
x∈A
ln
{
1−
N−1∑
n=1
fn(1− ReGr[~αnC(x)])
}
. (9)
In Eq. (9), it is observed that the factor Gr
[
~α
]
owns an
important role in producing the potentials. According
to Eq. (8), this factor depends on the flux αc(x).
Furthermore, the vortex profile αc(x) depends on what
fraction of the vortex flux enters the loop C. Therefore,
it depends on both the shape of the loop C, and the
position x of the center of the vortex core, relative to
the perimeter of the loop, as the following:
1. When the vortex core is entirely outside the planar
area enclosed by the Wilson loop, it cannot affect
the loop:
exp
[
i~α(n). ~H
]
= I =⇒ ~α(n) = 0. (10)
In this case, the lower limit for α is achieved.
2. When the vortex core is completely inside the Wil-
son loop area, then the influence of the vortex on
the Wilson loop is given by a center element:
exp
[
i~α(n). ~H
]
= znI =⇒ ~α(n) = ~α(n)max, (11)
where I is the unit matrix. α
(n)
max is the upper limit
of the vortex profile and should be calculated for
every vortex type in the SU(N) gauge group.
3. As R→ 0 then α→ 0.
It should be noticed that all choices for α(x) must lead
to a well-defined potential which means both Casimir
proportionality and N-ality dependence must be pre-
served. The vortex profiles checked in this paper are
listed below:
31. The flux introduced by Faber et al. with two free
parameters a and b is [4]:
α(x) =
αmax
2
(1− tanh(ay(x) + b
R
)), (12)
where R is the space-extent of the Wilson loop with
finite time-extent and x represents the position of
the vortex core. a is proportional to the inverse of
the vortex thickness and the parameter b introduces
a dependency on the space extent R of the Wilson
loop into the vortex profile. y(x) is
y(x) =
{
x−R for |R− x| ≤ |x|
−x for |R− x| > |x|. (13)
2. A similar profile with only one parameter a´ which
corresponds to the inverse of the vortex thickness,
was introduced by Faber et al. [6]:
α(x) =
αmax
2
(tanh(a´(x+
R
2
))− tanh(a´(x− R
2
)). (14)
The parameter b has been removed because lattice
calculations do not show the influence of the Wilson
loop on the vortices. It should be noticed that a´ is
not the same as a in Eq. (12).
3. The following profile was introduced by Deldar in
Ref. [10]:
α(x) = β(x) − β(x−R), (15)
where β(x) -the amount of the vortex flux con-
tained in different regions- is given by:
β(x) =


αmax
2 x ≥ a
αmax
2
(
1− exp[b(1− 1( x
a
−1)2 )]
)
0 ≤ x ≤ a
−αmax2
(
1− exp[b(1− 1( x
a
+1)2 )]
) −a ≤ x ≤ 0
−αmax2 x ≤ −a.
(16)
By varying the free parameters a and b, the shape
of the profile changes. For instance, a = 150 and
b = 10 lead to a profile similar to Eq. (12) while
changing the parameter b to 0.01 turns the profile
to a delta function which violates Casimir scaling.
In Sec. II A, αmax for the two vortices of the SU(4)
gauge group -using the upper limit criterion- is calculated
as shown in Eq. (11).
A. Calculating the maximum flux
As mentioned in Sec. II, there are N − 1 types of vor-
tices in an SU(N) gauge group, but not all of them are
independent. In fact, the vortices of types n and N − n
are conjugate and the fluxes carried by them are in the
opposite directions. So, in the SU(4) gauge group, two
types of center vortices fill the QCD vacuum. Now from
Eq. (11), the maximum flux of the two vortices of this
gauge group can be calculated. For the z1 = exp(
pii
2 )
vortex of the SU(4), one may write:
exp
[
i~α(1). ~H
]
= exp(
πi
2
)I. (17)
The cartan generators of the SU(4) are as the following:
H1 =
1
2
diag(1,−1, 0, 0), (18)
H2 =
1
2
√
3
diag(1, 1,−2, 0), (19)
H3 =
1
2
√
6
diag(1, 1, 1,−3). (20)
If the three of the above matrices are used, the calcula-
tions go as follows:
exp
[
iα
(1)
1 H1 + iα
(1)
2 H2 + iα
(1)
3 H3
]
= exp(
πi
2
)I, (21)
where upper index (1) represents the vortex type and
lower indices imply the projection of ~αmax on the direc-
tions of the cartan generators. It should be noticed that
the max indices for the projection parts have been omit-
ted. Therefore,
α
(1)
1 = −2π , α(1)2 = −
2π√
3
, α
(1)
3 = −
2π√
6
. (22)
Another possible way is to use only H3 matrix:
exp
[
iα(1)maxH3
]
= exp(
πi
2
)I =⇒ α(1)max = π
√
6. (23)
Both of the above normalization methods lead to the
same result as the factor Gr[~α] includes all the center
elements of the gauge group in both cases (see Fig. 1).
However, if one uses only H1 or H2 in the calculations,
it is impossible to get all the center elements. The same
method could be used to calculate the maximum flux of
the z2 vortex. I recall that using only H3 in the calcu-
lation gives the same result as using the three diagonal
generators of the SU(4). Thus, the second normalization
method given in Eq. (23) is used:
exp
[
iα(2)maxH3
]
= exp(πi)I =⇒ α(2)max = 2π
√
6. (24)
Now Cartan generators should be calculated for the
higher representations which is done in the next section.
B. Higher representations of the SU(4) gauge group
To calculate Gr[~α] for higher representations, the cor-
responding H3 matrix should be obtained from [15](
HD1⊗D23
)
ix,iy
=
(
HD13
)
δxy + δij
(
HD23
)
, (25)
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FIG. 1. The imaginary part of Gr[α] versus the real part
in the SU(4) gauge group for z1 = exp(
pii
2
), z2 = exp(πi),
z3 = exp(
3pii
2
) vortices and the vacuum trivial structure. In
the calculation of ReGr[α] and ImGr[α], the vortex flux given
in Eq. (12) with a = 0.05 and b = 4 and the Cartan generator
H3 have been used. It is observed that in case of using only
H3, the group factor can produce the four center elements of
this gauge group- including the trivial element.
where Ha3 s are the SU(4) generators for D1⊗D2, D1 and
D2 representations, respectively. If X
i
r; i = 1, 2, ..., dr is
considered as the vector basis for the representation dr,
the elements of Ha3 could be found by:
Hr3X
i
r =
dr∑
j=1
CijX
j
r . (26)
The aim of this paper is to investigate the behavior of the
group factor for higher representations. Now we find a
few representations which were discussed in the previous
works [5, 11, 12]. Then by finding the basis vectors of
them, the H3 generator of the higher representations is
obtained.
4⊗ 4¯ = 15⊕ 1, (27)
4⊗ 4 = 10⊕ 6, (28)
4⊗ 4⊗ 4 = 20s ⊕ 20m ⊕ 20m ⊕ 4¯, (29)
4⊗ 4⊗ 4⊗ 4 = 3× 45⊕35s⊕ 2× 20⊕ 3× 15⊕ 1. (30)
It should be mentioned that the behavior of the repre-
sentations written in bold is investigated in this paper.
If vi and vj are considered as the basis vectors for repre-
sentations 4 and 4¯, respectively, the basis vectors for the
higher representations -mentioned above- could be cal-
culated from tensor calculus. More details for the basis
vectors of each representation are given in the appendix.
From Eq. (26) and the basis vectors, the H3 generator
for the above representations is calculated.
Representation 6:
H63 =
1√
6
diag
(
1, 1,−1, 1,−1,−1), (31)
Representation 10:
H103 =
1√
6
diag
(
1, 1, 1,−1, 1, 1,−1, 1,−1,−3), (32)
Representation 15:
H153 =
2√
6
diag
(
0, 0, 0, 1, 0, 0, 0, 1, 0, 0, 0, 1,−1,−1,−1),
(33)
Representation 20s:
H20s3 =
1
2
√
6
diag
(
3, 3, 3,−1, 3, 3,−1, 3,−1, 3, 3,−1, 3,−1,−5, 3,−1,−5,−5,−9), (34)
Representation 35s:
H35s3 =
2√
6
diag
(
1, 1, 1, 0, 1, 1, 0, 1, 0,−1, 1, 1, 0, 1, 0,−1, 1, 0,−1,−2, 1, 1, 0, 1, 0,−1, 1, 0,−1,−2, 1, 0,−1,−2,−3).
(35)
In Sec. III, the plots of ReGr(~α) are investigated for dif-
ferent quark separations and the place of the minimum
points observed in the plots is discussed.
III. RESULTS AND DISCUSSIONS
As it was mentioned previously, Gr(~α) plays an impor-
tant role in the potential between quarks. This factor
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FIG. 2. ReGr(α) versus the position of the vortex core x for
the z1 vortex of the SU(4) and for diquark and fundamen-
tal representations of this gauge group using the flux given
in Eq. (14) with a´ = 0.04 and R = 100. The vortex thick-
ness is equal to 25 so when x = 0, the vortex is completely
inside the Wilson loop. As it is expected, the group factor
changes between 1 and 0 for the fundamental representation
and between 1 and −1 for the diquark one. Therefore, for
these representations ReGr(α) behaves normally.
changes between 1 and exp(2piink
N
) corresponding to the
type of vortex n and N-ality=k of the representation. De-
pending on the representations, the way Gr(~α) changes
between these two limits differs which means in some
representations such as 15, 20s and 35s, the group factor
passes the phase factor.
Fig. 2 shows the real part of the SU(4) group factor
versus the position of the z1 vortex core for the funda-
mental and diquark representations with 4-ality equal to
1 and 2, respectively. The Wilson loop legs are located
at x = −50 and x = 50 so R = 100. The flux used to
produce this figure is the same as in Eq. (14) and the
parameter a´ is chosen equal to 0.04, hence the vortex
thickness -which is proportional to 1
a
- is equal to 25. As
we expect, ReGr(α) varies between 1 -when there is no
overlap between the vortex and the Wilson loop- and the
real part of the phase factor exp(piik2 ) -when the vortex is
entirely enclosed by the Wilson loop. Therefore, ReGr(α)
behaves as expected for these two representations. But
the results are different for higher representations.
Fig. 3 is the same as Fig. 2 but for representation 20s
with 4-ality=1 and for two values of the space extent R.
The group factor is expected to alter between 1 and 0 for
R = 100. But as it is seen in this figure, the two mini-
mum values are observed at x = −45 and x = 45 which
have a value equal to −0.33. So ReGr(α) has passed 0
which is the real part of the phase factor for representa-
tion 20s. Now the influence of the vortex on the Wilson
loop is investigated at different positions to find out how
the group factor changes. The center vortex theory states
that the Wilson loop is unaffected when there is no in-
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FIG. 3. ReGr(α) versus the position of the z1 vortex core x for
representation 20s and for R = 40 and R = 100. The flux used
to produce this figure is given in Eq. (14) with a´ = 0.04. When
R = 100, two minimum values are observed at x = −45 and
x = 45 where about 60% of the maximum vortex flux enters
theWilson loop. The value of ReGr(α) at the minimum points
is equal to −0.33. The vortex thickness is equal to 25 so when
the position of the vortex core is located at x = 0, the vortex
is completely inside the Wilson loop. Thus, ReGr(α) = 1
and one may conclude that the asymptotic string tension is
produced. When the Wilson loop spatial extent is decreased
to 40 and the location of the vortex core is at the middle of
the Wilson loop, ReGr(~α) is near −0.33. So (ReGr(α))min at
large distances, is equal to the center of the group factor at
intermediate distances.
teraction between the vortex and the Wilson loop hence
ReGr(α) = 1. The effect of the vortex on the Wilson
loop starts when it overlaps the perimeter of the loop.
If the position of the center of the vortex core is placed
at x = −45, about 60% of the maximum flux enters the
Wilson loop. In this case:
ReGr(~α) = Re 1
dr
Tr exp
[3i
5
αmax ×H(20)3
]
= −0.33,
(36)
and the minimum point of the group factor is created.
The vortex is completely inside the Wilson loop when the
position of the center of the vortex is placed at x = 0.
So according to Eq. (1), the Wilson loop of representa-
tion 20s is multiplied by a phase factor exp(
piik
2 ) where
k = 1. Therefore, we expect at this point that ReGr(α)
is equal to 0. It means that the Wilson loop and the vor-
tex are totally linked to each other and the asymptotic
string tension is achieved. As the vortex starts leaving
the Wilson loop, a part of the vortex flux quits the loop;
So that when the position of the vortex core is placed at
x = 45, 60% of the maximum flux carried by the vortex
still remains in the Wilson loop. So again the value of
ReGr(α) becomes equal to −0.33. Now the distance be-
tween quark and anti-quark is decreased to produce the
intermediate potential. In Fig. 3, it is seen when R = 40
and the vortex core is located at x = 0, which is the
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FIG. 4. The same as Fig. 3 but for the flux given in Eq. (15)
with a = 150, b = 10, b = 1, b = 0.1 and R = 250. The
two minimum points are observed in all three curves and
(ReGr(α))min = −0.33. The minimum points are located at
the positions where 60% of the maximum flux of the z1 vortex
enters the Wilson loop.
middle point of the Wilson loop, the value of the group
factor is equal to −0.33. At this stage, the intermediate
string tension is produced. Strictly speaking, the value
of the group factor when the position of the vortex core
is located at the middle of the Wilson loop determines
the potential behavior and it is called the ”center of the
group factor” in this paper. Therefore, one may conclude
that the minimum values seen for R = 100 in Fig. 3 are
the points which the center of the group factor reaches
at intermediate distances.
The most interesting aspect about the group factor
is that the value of ReGr(α) at the minimum points is
independent of the flux used in the calculation. This issue
is understood by a comparison between Fig. 3 and the
three curves in Fig. 4 where the flux in Eq. (15) has been
used with a = 150 and three values for the parameter b.
The space extent R of the Wilson loop is equal to 250
so that the center of the group factor reaches 0 for the
three curves. It is observed that value of (ReGr(α))min
remains the same even when the shape and the type of
the vortex flux change. The similar result is produced if
the flux in Eq. (12) is investigated.
Another fact about the group factor is that the por-
tion of the vortex flux which enters the Wilson loop at
the minimum points, is different for representations with
different N-ality. This matter makes us investigate the
behavior of ReGr(α) for the adjoint representation with
4-ality=0. The real part of the group factor of the ad-
joint representation versus x for R = 100 is observed in
Fig. 5 using the same flux as of Fig. 3. When the z1
vortex core is located at x = −50 and x = 50, half of
the maximum flux is in the Wilson loop and at these
points ReGr(α) = 0.2. The behavior of ReGr(α) for the
z2 vortex can be analyzed in the similar way. Fig. 6 is
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FIG. 5. The same as Fig. 3 but for the adjoint representation.
Two minimum values are observed at x = −50 and x = 50.
The value of ReGr(~α) at the minimum points is equal to 0.2.
These points are the positions where half of the vortex max-
imum flux enters the Wilson loop. When the position of the
vortex core is located at x = 50, ReGr(α) = 1 and one may
conclude that the asymptotic string tension is produced.
the same as Fig. 5 but for the z2 vortex. In this figure,
R has changed to 130 so that the center of the group
factor reaches 1 for the z2 vortex which contains two
z1 vortices. When the position of the z2 vortex core is
placed at x = −79 and x = 78, one fourth of the z2
vortex flux is in the Wilson loop. This amount of flux
is equivalent to half of the maximum flux carried by one
z1 vortex. Thus one can expect -from the above discus-
sion for the z1 vortex- that the amount of ReGr(α) is
equal to 0.2. At x = −65 and x = 64, half of the z2
vortex flux or equivalently the total flux of one z1 vor-
tex is in the Wilson loop. Therefore, ReGr(α) reaches
1. When x = −52 and x = 51, three fourth of the z2
vortex enter the Wilson loop which is equal to half of
the flux carried by one z1 vortex and ReGr(α) equals to
0.2. The z2 vortex is completely inside the loop when
x = 0 and the Wilson loop changes by a phase factor
(expπik) with k = 0 hence ReGr(α) becomes equal to
1. The behavior of the group factor of representation
35s is like as of the adjoint one. For this representation,
(ReGr(α))min = −0.25. Thus, one might claim that the
number of the quarks and anti-quarks which make the
representation changes the portion of the remaining flux
inside the Wilson loop at the minimum points. For more
investigation, we look at Eqs. (27), (29) and (30). It is ob-
served that representation 20s is built from three quarks
while four quarks form representations 35s. Also, one
quark and one anti-quark make the adjoint representa-
tion. On the other hand, for zero 4-ality representations
built from even numbers of quarks and anti-quarks, the
minimum points in the plots are the places where half of
the maximum vortex flux is in the Wilson loop while for
higher representations which are produced from an odd
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FIG. 6. The same as Fig. 5 but for the z2 vortex. For x = −79
and x = 78, one fourth of the maximum flux of the z2 vortex
is in the Wilson loop which is equal to half of the maximum
flux of the z1 vortex. So, as in Fig. 5, ReGr(~α) = 0.2 and
analogue for x = −52 and x = 51 where the three fourth of
the maximum vortex flux are in the loop. The Wilson loop
and the vortex are linked completely at x = 0 and the value
of ReGr(~α) is equal to 1 at this point.
number of quarks, the minimum points are located at the
positions where 60% of the maximum flux is in the loop.
One may find the reason of this behavior in the difference
between the slope of the potentials at intermediate and
large distances.
In our previous works [11, 12], it was shown that at
intermediate distances, the ratio of the string tension of
each representation to that of the fundamental one is
proportional to Casimir scaling. At large distances, the
representations with the same 4-ality get the same slope.
The first row of Tab. I shows the representations along
with the corresponding Casimir scaling in the second row.
The third row represents the 4-ality of each representa-
tion. Thus, for representations 15 and 35s screening is
observed. The potential of representation 20s becomes
parallel to the one of the fundamental representation and
also diquark representations (6, 10) get a parallel slope.
Now, the string tensions of the representations which be-
long to the same 4-ality class can be compared.
It was mentioned before that ReGr(α) behaves nor-
mally for the fundamental representation. It varies be-
tween 1 and 0 for the z1 vortex and between 1 and −1
for the z2 one. As the same description works for each
vortex type, the z1 vortex is focused. Moreover, although
the contribution of the z2 vortex to the potential is not
negligible, it is less than the contribution of the z1 vortex
[16]. Tab. I shows that the string tension of representa-
tion 20s at intermediate distances is larger than the fun-
damental one. Therefore, the center of ReGr(~α) passes
0 and reaches −0.33 to produce an intermediate string
tension larger than that of the fundamental one. Then
it goes back to 0 and the same asymptotic string tension
TABLE I. Casimir scaling and 4-ality of some SU(4) represen-
tations. the behavior of the group factor for representations
with the same 4-ality can be compared.
representation 4 6 10 15s(adjoint) 20s 35s
Cr
CF
1 1.33 2.13 2.4 4.2 6.4
4-ality 1 2 2 0 1 0
as the fundamental one is produced.
The center of the group factor has the same value equal
to 0 for both representations 15 and 35s. However, at in-
termediate distances, it is equal to 0.2 for the adjoint
representation. This factor reaches −0.25 for represen-
tation 35s so that the intermediate string tension of this
representation becomes larger than the adjoint one.
For the diquark representations, ReGr(α) changes nor-
mally between 1 and −1 for the z1 vortex. From Tab. I
it is seen that the intermediate string tensions of the
diquark representations are in the same range. So the
group factor is expected to behave the same way for these
two representations.
IV. CONCLUSION
The prediction of the potential between SU(N) static
color sources by the thick center vortices model has been
very precise in various quark distances. In other words,
both the intermediate and asymptotic string tensions are
in agreement with the proposals given in the correspond-
ing regions, e.g. N-ality dependence at large distances
and the Sine and Casimir scaling at intermediate dis-
tances. In fact, The behavior of the string tensions de-
pends on how the SU(N) group factor interpolates be-
tween 1 and the phase factor exp(2piink
N
) where k is the
N-ality of the representation and n represented the vor-
tex type. It is seen that the real part of the SU(N) group
factor changes abnormally for some representations. In
the SU(4) gauge group, ReGr(α) for representations 15,
20s and 35s, ... passes the corresponding phase factor
while this factor interpolates normally between expected
limits for fundamental and diquark representations. The
abnormal behavior of the group factor is observed for
representations 8,10, 15m, 15s, ... in the SU(3) gauge
group.
In this paper, I have shown that the minimum points
seen in the plots of the group factor versus x at large
distances are located at the points where the vortex and
the Wilson loop are partially linked. It means that when
the position of the vortex core is placed at the minimum
points, a part of the vortex flux enters the Wilson loop.
The sub-Wilson loops -which make the representation r-
affect this portion in a way that 50% of the maximum
flux enters the Wilson loop of the representations with
N-ality=0. This portion turns to 60% for representations
which belong to N-ality=1 class except the fundamental
representation. My calculations show that at very short
8distances, the center of the group factor is nearly equal
to 1 which means the vortex and the Wilson loop are
slightly linked to each other. As the distance increases,
this amount becomes near to (ReGr(~α))min at interme-
diate distances. When the quarks are separated more,
the group factor center changes in a way that it gets
equal to the phase factor and at this stage the asymptotic
string tensions are achieved. Therefore, one might con-
clude that the minimum points are the positions which
the group factor reaches at intermediate distances. The
comparison between the asymptotic and the intermedi-
ate string tensions of the representations with the same
N-ality shows that the group factor must pass the phase
factor so that an intermediate string tension larger than
the asymptotic one is achieved. This interpretation works
for diquark representations (6 and 10) which have nearly
the same asymptotic and intermediate string tensions.
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Appendix A: Basis vectors of the SU(4)
representations
In the following, I calculate the basis vectors for the
SU(4) representations 6, 10, 15 20s and 35s.
Representation 6:
This representation is made of two quarks (Eq.(28)). vi
and ui, i, j = 1, ..., 4 are considered as the basis vectors
for the quarks in fundamental representation. The young
tableaux of the 6 representation consists of two boxes in
column. So the anti-symmetric basis vector might be
written as:
V ij =
1
2
(
viuj − vjui). (A1)
It should be noticed that not all of the components of the
V ij vectors are independent. Therefore, after omitting
the additional ones, the six independent basis vectors are
the following:
X16 = V
12 =
1
2
(v1u2 − v2u1),
X26 = V
13 =
1
2
(v1u3 − v3u1),
X36 = V
14 =
1
2
(v1u4 − v4u1),
X46 = V
23 =
1
2
(v2u3 − v3u2),
X56 = V
24 =
1
2
(v2u4 − v4u2),
X66 = V
34 =
1
2
(v3u4 − v4u3).
(A2)
Representation 10:
The same as representation 6, two quarks make this rep-
resentation but the young tableaux of representation 10
is symmetric. Thus:
U ij =
1
2
(
viuj + vjui
)
. (A3)
After removing the additional vectors, 10 basis vectors
are calculated as follows:
X110 = U
11 = v1u1,
X210 = U
12 =
1
2
(v1u2 + v2u1),
X310 = U
13 =
1
2
(v1u3 + v3u1),
X410 = U
14 =
1
2
(v1u4 + v4u1),
X510 = U
22 = v2u2,
X610 = U
23 =
1
2
(v2u3 + v3u2),
X710 = U
24 =
1
2
(v2u4 + v4u2),
X810 = U
33 = v3u3,
X910 = U
34 =
1
2
(v3u4 + v4u3),
X1010 = U
44 = v4u4.
(A4)
Representation 15:
This representation is made of one quark and one anti-
quark (Eq.(27)). If vi and uj, (i, j = 1, ..., 4) represent
the basis vectors for quark and anti-quark respectively,
the following equation shows the basis vector for the ad-
joint representation:
U ij = v
iuj − 1
4
δijv
kuk. (A5)
After omitting the additional vectors, 15 the basis vectors
9are calculated as the following:
X115 = U
1
1 =
−1
4
(−3v1u1 + v2u2 + v3u3 + v4u4),
X215 = U
1
2 = v
1u2,
X315 = U
1
3 = v
1u3,
X415 = U
1
4 = v
1u4,
X515 = U
2
1 = v
2u1,
X615 = U
2
2 =
−1
4
(v1u1 − 3v2u2 + v3u3 + v4u4),
X715 = U
2
3 = v
2u3,
X815 = U
2
4 = v
2u4,
X915 = U
3
1 = v
3u1,
X1015 = U
3
2 = v
3u2,
X1115 = U
3
3 =
−1
4
(v1u1 + v
2u2 − 3v3u3 + v4u4),
X1215 = U
3
4 = v
3u4,
X1315 = U
4
1 = v
4u1,
X1415 = U
4
2 = v
4u2,
X1515 = U
4
3 = v
4u3.
(A6)
Representation 20s:
This representation consists three quarks. On the other
hand, it might be produced by the tensor product of rep-
resentations 4 and 10:
4⊗ 10 = 20s ⊕ 20m. (A7)
So if V ij and ui are the basis vectors for representations
10 and 4, respectively, the basis vector of representation
20s might be written as follows:
W ijk =
1
3
(
V ijuk + V kiuj + V jkui
)
. (A8)
After omitting the additional vectors, 20 independent ba-
sis vectors are calculated as the following:
X120 = X
1
10v
1,
X220 =
1
3
(X110v
2 + 2X210v
1),
X320 =
1
3
(X110v
3 + 2X310v
1),
X420 =
1
3
(X110v
4 + 2X410v
1),
X520 =
1
3
(X510v
1 + 2X210v
2),
X620 =
1
3
(X210v
3 +X310v
2 +X610v
1),
X720 =
1
3
(X210v
4 +X410v
2 +X710v
1),
X820 =
1
3
(X810v
1 + 2X310v
3),
X920 =
1
3
(X310v
4 +X410v
3 +X910v
1),
X1020 = X
5
10v
2,
X1120 =
1
3
(X510v
3 + 2X610v
2),
X1220 =
1
3
(X510v
4 + 2X710v
2),
X1320 =
1
3
(X810v
2 + 2X610v
3),
X1420 =
1
3
(X610v
4 +X710v
3 +X910v
2),
X1520 =
1
3
(X1010v
2 + 2X710v
4),
X1620 = X
8
10v
3,
X1720 =
1
3
(X810v
4 + 2X910v
3),
X1820 =
1
3
(X1010v
3 + 2X910v
4),
X1920 =
1
3
(X1010v
1 + 2X410v
4),
X2020 = X
10
10v
4.
(A9)
Representation 35s:
This representation contains four quarks. On the other
hand, it might be produced by the tensor product of rep-
resentations 4 and 20s:
4⊗ 20s = 35s ⊕ 45. (A10)
So if W ij and ui are the basis vectors for representations
20s and 4, respectively, the basis vector of representation
35s might be written as follows:
Qijkl =
1
4
(
W ijkul+W jklui+W kliuj+W lijuk
)
. (A11)
After omitting the additional vectors, 35 independent ba-
sis vectors are calculated as the following:
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X135 = X
1
20v
1
X235 =
1
4
(X120v
2 + 3X220v
1),
X335 =
1
4
(X120v
3 + 3X320v
1),
X435 =
1
4
(X120v
4 + 3X420v
1),
X535 =
1
2
(X220v
2 +X520v
1),
X635 =
1
4
(X220v
3 +X320v
2 + 2X620v
1),
X735 =
1
4
(X220v
4 +X420v
2 + 2X720v
1),
X835 =
1
2
(X320v
3 +X820v
1),
X935 =
1
4
(X320v
4 +X420v
2 + 2X720v
1),
X1035 =
1
2
(X420v
4 +X1920v
1),
X1135 =
1
4
(X1020v
1 + 3X520v
2),
X1235 =
1
4
(X520v
3 + 2X620v
2 +X1120v
1),
X1335 =
1
4
(X520v
4 + 2X720v
2 +X1220v
1),
X1435 =
1
4
(X820v
2 + 2X620v
3 +X1320v
1),
X1535 =
1
4
(X620v
4 +X720v
3 +X920v
2 +X14v1),
X1635 =
1
4
(X1920v
2 + 2X720v
4 +X1520v
1),
X1735 =
1
4
(X1620v
1 + 3X820v
2),
X1835 =
1
4
(X1620v
4 + 2X920v
3 +X1720v
1),
X1935 =
1
4
(X1820v
4 + 2X920v
4 +X1920v
3),
X2035 =
1
4
(X2020v
1 + 3X1920v
3),
X2135 = X
10
20v
1,
X2235 =
1
4
(X1020v
3 + 3X1120v
2),
X2335 =
1
4
(X1020v
4 + 3X1220v
2),
X2435 =
1
2
(X1120v
3 +X1320v
2),
X2535 =
1
4
(X1120v
4 + 2X1420v
4 +X1520v
2),
X2635 =
1
2
(X1220v
4 +X1520v
2),
X2735 =
1
4
(X1620v
2 + 3X1320v
3),
X2835 =
1
4
(X1320v
4 + 2X1420v
3 +X1720v
2),
X2935 =
1
4
(X1520v
3 + 2X1420v
4 +X1820v
2),
X3035 =
1
4
(X2020v
2 + 3X1520v
4),
X3135 = X
16
20v
3,
X3235 =
1
4
(X1620v
4 + 3X1720v
3),
X3335 =
1
2
(X1720v
4 +X1820v
3),
X3435 =
1
4
(X2020v
3 + 3X1820v
4),
X3535 = X
20
20v
4.
(A12)
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